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In this paper we consider a simple generalization of the method of Lunin and 
Maldacena for generating new string backgrounds based on TsT-transformations. 
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\ We study multi-shift Ts ■ ■ ■ sT transformations applied to backgrounds with at least 
On ' 

■ two U(l) isometries. We prove that the string currents in any two backgrounds 

. related by Ts...sT-transformations are equal. Applying this procedure to the AdS^ x 



S^, we find a new background and study some properties of the semiclassical strings. 



I. INTRODUCTION 

In this paper we present a simple generalization of the method for obtaining deformed 
string backgrounds proposed by Lunin and Maldacena [44] and developed in detail by Frolov 
[47]. The method in the above papers is based on T-duality on one of U{1) variables, 
shift of another U{1) variable and T-duality back on the first U{1) variable (called TsT- 
transformation)^. Our method consists in multi shifts at the second step which allows one 
to obtain new string backgrounds (we call this Tsi ■ ■ ■ SnT transformation). We prove also 
that the f/(l) string currents in any two backgrounds related by Tsi ■ ■ ■ s„T transformations 
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are equal. We present also an application of our method to string theory in AdSr, x 
background. 

In the past few years the main efforts in string theory were directed towards establishing 
string/gauge theory correspondence. The vast majority of papers were on qualitative and 
quantitative description of A/" = 4 SYM theory with SU (N) gauge group by making use 
of string sigma model on AdS^ x [1-3]. The AdS/CFT correspondence imphes that the 
energy of closed string states is equal to the anomalous dimensions of certain local SYM 
operators [5, 6]. At supergravity level this correspondence has been checked in a number 
of cases (for review see for instance [4]) but the match between the string energy and the 
anomalous dimensions beyond that approximation still remains a challenge. 

The first important step in establishing AdS/CFT correspondence is to obtain the spec- 
trum of the anomalous dimensions of the primary operators made up of local gauge fields. 
On string theory side it requires one not only to solve the theory at classical level but also 
include its quantization. 

The main challenge in quantizing string theory is that it is highly non-linear and thus 
difficult to manage. The only option available so far is to look at the semi classical region of 
large quantum numbers where the results arc reliable. On gauge theory side the derivation of 
the anomalous dimensions is also a difficult task. A breakthrough in this direction has been 
the observation of Minahan and Zarembo that one loop dilatation operator restricted to the 
bosonic sector of N=4 SYM theory can be interpreted as the Hamiltonian of integrable spin 
chain [7]. This observation raised the question about the dilatation operator in N=4 SYM 
theory and integrability (for a recent review see for instance [12] and references therein). 

On the other hand, the question of reduction of the string sigma model to particular 
integrable systems and the question of integrability of string theory at classical and quantum 
level was considered in a number of papers [9, 10, 14, 14, 21]. The intensive study of "nearly" 
BPS, or BMN, quantum strings and non-EPS ones give a remarkable match with the results 
from gauge theory side at least at the first few loops [7, 10-15, 18-21]. This match however 
is not a coincidence. In the above papers it was suggested that certain spin chains should 
describe particular string sectors and thus should allow the comparison to the gauge theory 
computations. Subsequently it has been found that the match between string theory and 
SYM theory in the examples discussed above lies in the Yangian symmetries responsible to 
large extent for the integrability on both sides [16, 17]. Since in this paper we will consider 
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the string theory side, we refer the reader to the above papers for details on this connection. 

^Prom the picture emerging from the above studies one can conclude that the integrable 
structures play an important role in establishing the AdS/CFT correspondence at classical 
and hopefully at quantum level as well. 

Although we already have some understanding of string/gauge theory correspondence 
in the case of AdS^ x background and N — A SYM, much less is known in the case of 
theories with less than maximal supersymmetry. There have been some studies of AdS/CFT 
correspondence for less supersymmetric string backgrounds [22-43]. However it is not quite 
clear how exactly to implement the correspondence. The main obstacles lie in knowing if 
and how Kaluza-Klein modes naturally present in such backgrounds contribute to the string 
energy, which corner in the space of gauge operators is described by these strings, and are 
these sub sectors closed under the renormalization group flow? 

An important step towards a deeper understanding of AdS/CFT correspondence in its 
less supersymmetric sector was recently given by Lunin and Maldacena [44]. From gauge 
theory point of view the possible deformations of M — ^ SYM gauge theory that break the 
supersymmetry were studied by Leigh and Strassler [45]. It should be mentioned that the 
deformations of A/" = 4 SYM theory and integrable spin chains have been considered in some 
detail in [46] . In [44] Lunin and Maldacena found the gravity dual to the /9-deformations of 
jV = 4 SYM theory studied in [45]. They demonstrated that a certain deformation of the 
AdS^ X background corresponds to a gauge theory with less supersymmetry classified in 
[45] . This deformation of the string background can be obtained applying two T-duahties 
accompanied by certain shift parametrized by fi (TsT transformation). For real values 
of /9, Frolov obtained the Lax operator for the deformed background which proves the 
integrability at classical level [47]. String theory in this background was studied in [48, 49] 
and its pp-wave limit was investigated in [50, 51]. The /9-deformations of more complicated 
(non) supersymmetric backgrounds was considered also in [52, 53]. 

The aim of this paper is to consider a simple extension of the transformations considered in 
[44, 47] and to prove that under TsT-transformations apphed to any background possessing 
[/(I) symmetries, the corresponding currents before and after the transformation are equal. 

The paper is organized as follows. In the next section we give a brief review of the 
/9-deformations of the J\f — 4 gauge theory and its gravity dual. In section 3 we consider 
a general background with at least two C/(l) isometrics. We show that the C/(l) currents 
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are equal after TsiS2 ■ ■ ■ SnT transformations where Si • • • s„ means multi shifts along the 
remaining U{1) variables. In the next section, as an example for multi shift procedure, we 
consider AdS^ x and find a new background parametrized by two real parameters. We 

show that the new background reduces to those found in [44, 47] when one of the parameters 
vanishes. We also consider the limit of point-Hke string which corresponds actually to BMN 
limit. In the concluding section we comment on the results found in the paper. 



II. LUNIN-MALDACENA BACKGROUND 



In this Section we give a very brief review of the procedure of Lunin and Maldacena for 
obtaining the gravity dual of the /3-deformed SYM theory considered in [45] . 

Let us consider the A/" = 4 SYM gauge theory in terms of A/" = 1 SUSY. The theory 
contains a vector multiplet V and three chiral multiplets The superpotential is given by 
the expression 

= t/Tr [[$\ $^]$^] . (2.1) 

The action then can be written as 



d^d'^eeijk^'[^\^^]+c.c. 



c.c. 



9_ 
3! 

We note that the J\f — A theory is conformal at any value of the complex coupling 

9 Ani 

T = — + 



(2.2) 



' g^M 

and the deformations that change this value are exactly marginal. 

In [45] Leigh and Strassler considered deformations of the superpotential of the form 



(2.3) 



W = hTr [e^'^^^i^s^a - e-*"^$i$3$2] + h' Tr + $2 + ^3] 



(2.4) 



Let us focus on h' = case. The symmetries are: one U{1) R-symmetry group and two 
global U{1) X U{1) groups acting as follows 



f/(l)i : ($1, $2$3) ^ ($1, e''''^2, 6-^'^^$ 3) 
[/(1)2 : (*i, $2^3) ^ (e-*^^$i, e^^^$2, *3)- 



(2.5) 
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Since the theory is periodic in (3 one can think of (3 as hving on a torus with complex 
structure Tg and the Sl{2, Z) duahty group acts on it and P as follows: 

aTs + b ^ (3 



* CTg + ^ CTs + d 



(2.6) 



As a result of all this we end up with a Af = 1 SCFT theory. 

The gravity dual for real (3 can be obtained in three steps [47]. Consider the part of 
AdS^ X background. In the first step we perform a T-duality with respect to one of the 
U{1) isometrics parametrized by the angle (pi^. The second step consists in performing a 
shift (fi2 ^ <f2 + Ifi where (f2 parametrizes another U{1) isometry of the background and 
7 is a real parameter. In the last step we T-dualize back on (pi. The resulting geometry is 
described by 



ds'^ 



where 



The other fields are correspondingly^ 



,24,0 Q 



e ^ = e 



5iV5' ^ fR'G{rlrld(j)^d(i)2 + rlrldhdh + r|r?ci(/.3#i) 
C2 = -3-f{16nN)widip 
Ca = (167rA^)w4 + Gwid(f)id(f)2d^3) 
F5^{16TrN){wAdS, + Gws^). 



(2.7) 
(2.8) 

(2.9) 
(2.10) 
(2.11) 
(2.12) 
(2.13) 



Using the fact that the currents Jq, before the TsT-transformations are equal to the currents 
Ja after the transformations, Frolov obtained the Lax operator for the deformed geometry, 
thus proving the integrabihty at classical level. The properties of string theory in this back- 
ground were further studied in [48, 49]. Penrose limit of the Lunin-Maldacena background 
was investigated in [50, 51]. 



^ See the Appendix for general U{1) T-duality 
3 See for details [44, 47] 



6 



III. U (1) CURRENTS AND TsT TRANSFORMATION 

As mentioned in the previous section, based on the observation that the string U{1) 
currents before and after TsT-transformation are equal, Prolov was able to obtain the Lax 
operator of the theory in the deformed background. He also conjectured that the equality of 
the currents holds for any two backgrounds related by TsT-transformation. Below we prove 
the following 

Proposition: The U (1) currents of strings in any two backgrounds related by TsT trans- 
formation are equal. 

We start with the general action 



2 / "^^^ [r^d^X^^d^X^G,, - e'^^d^X'^d^X^B^,] . (3.14) 

We will assume that G^j,^ and B^j^^, do not depend on X^ and X"^ allowing to perform TsT 
transformation. 

In what follows we use the notations ^ — 1, • • • , d, i = 2, • • • , d, a = 3, • • • , d. We will 
prove the statement in several steps. 
Step 1: T-duality on X^ . 

For completeness we write again the T-duality rules and relations^ 

n - ^ n - n ^u^ij ~ BuBij ~ _ Bu 

— — ) '^ij — '^ij ) '-^U 



R R Gli-Blj - BijGij ~ Gii 

Bij = Bij , Bii = — , [6. Lb) 

'^11 '^11 



e^^d^X' = r^d^X'^G.M - e'^^d^X^B.M: (3.16) 

daX' = -faae'^'dpX^'Gi^ - daX^B,^, (3.17) 

daX' = laae'^'d.X'^G,^ - d^Xi^B,^, (3.18) 

X' = X\ (3.19) 



The T-dual action has the same form but with transformed background fields 

dr^ [^-^d^X^dpX'^G^, - e^^d^X^^dpX-B^^^ . (3.20) 



See also the Appendix 
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Step 2 consists in shift of X'^ 



= x\ X" = x". (3.21) 

Note that the background remains independent of X^ and X'^. 

The shift described above produces the following transformations of the metric 

^11 = Gil + 27G12 + 7^G22, 
gii = Gxi + 76*2^, 

~gij = G,,, (3.22) 

and for the B^^, we get 

bu-^Bu + 7B2i. (3.23) 

The relations (3.16-3.18) are also changed, for instance (3.18) becomes 

daX^ = ^aae'"'dpx''Gi^ - daxi^Bi^ + ^^aae'"'dpx'Gi2 - id^x^B^^- (3.24) 

Note that it is crucial that the background is independent of X^ and X^, otherwise we 
cannot perform a T-duality back on Xi. 

In the new variables the action is given by 

^--^J [r^dax'^d^x'^g,, - e''^daX^dpx%J\ . (3.25) 

In step 3 we T-dualize back on x^. 

The action again has the standard form 

^ -\/A f , da 



2 



/ "^^^ b^^dax^d^x-'g^, - e^^dax^d^x'^b,,] , (3.26) 



where g^^, and b^i, are obtained from ^^j, and by making use of the standard rules eqs. 
(3.15-3.18). 

Now we will prove that the currents and obtained from (3.14) and (3.26) respectively 
are equal, i.e. 

= ' (3-27) 



where 

= -^I'^^Opx^g^, + yXe^^^^x'^fe^,, (3.28) 



J"^ = -^/Xr^dpx^G^, + VXe^^dpx'^B^,. (3.29) 
We will prove the statement dhectly, but in two steps. 

a) First we will prove the equality (3.27) for and and then for Jf and jf 
= r^dpx'gn + r^dpx'gu - e'^^dpx'bu 
= r^dpx^gn + r^dpx'gu - e'^^d^x^u 

gii ^ ' 9ii 911 

= r''li3ae'"'d,x>'^ - e'^^dax'^ 
911 9ii 

= e^^d^xK (3.30) 
Now we use (3.16) and find 

\ = ^I'd^X'^G^^ - e'^^d^X'^B,^ = (3.31) 



b) We turn now to the case of Jf and jf {i = 2, - ■ • ,d). In this case there are more trans- 
formations to be performed but all of them are based on (3.15-3.18) 

^ = r^dpx^^gi, - e^^df.x'^h, 

= r^dpx'ga + r^dpx^gij - e^^d^xX^ - e^f^d^x^kj 

= r'^d^x'-ga + r'^df^x^-gij + e''^dpx%i - e''Pdpx%. (3.32) 

Now we go to the variables by making the inverse shift 



31 



^'^^dpX^Gi, - e'^^d^X^B,,. (3.33) 



Since X'^ — X'^, we separate X^ and X* dependent parts and find 
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Therefore 



^''fdpX^G,^ - e^^dpX'Ba + r^d^PG,, - t'^^dpPB,, (3.34) 
= .-i'^f'dpX^Gi^ - e'^f'dpX'Ba + ^^^d^X^Gij - e'^^d^X^B,^. (3.35) 



= .^''^dpX^G,^ - e^^d^X^Bi^ = (3.36) 



which proves the statement (3.27) 
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IV. Tsi SdT TRANSFORMATIONS 



In this section we make a simple generalization of the TsT-transformation. We proceed 
as follows. First we make a T-duality on after which the original action 



2 



J [r^d^X^dpX^G,, - e^^d^X^dpX^B,,] (4.1) 



becomes 

ir— r^d^X^d^X'^G.^-e^^d^X^^d^X'^B,, , (4.2) 
Z. J Ztt I J 

where the tilde variables are defined in (3.15), with the relations (3.17) and (3.19) satisfied. 

Second step consists in applying multi-shifts along the U{1) isometrics unaffected by the 
T-duality in the previous step. This slightly generalizes the Maldacena-Lunin procedure 
described in the previous section, 



X'^x' + Yx\ 



X'=x\ 



(4.3) 



or X = Ax where 



X = 



I 1 



(4.4) 



\^7^^ ••• ly 

Under these multi-shifts the background fields take the form 

^ii = G'ii + 2yGi, + 7VG,,-, 
gii = Gu + l^Gij, 

hi = Bii + j^Bij, 

The last step consists in T-dualization back on x^. The resulting action is 



(4.5) 



J [r^d^x^df^x^g,, - e'^^d^x^d^x^h,,] . (4.6) 



As in the case of TsT-transformation, for the generahzation described above we prove 
below 
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Proposition: The U (1) currents of strings in any two backgrounds related by Ts-i ■ ■ ■ SnT 
transformation are equal. 

Proof: One can first consider and using the relations between the variables write them 
in terms of the original coordinates 



Jl_ 



li 



But 



and therefore 



U^e'^'d.x'^-gi^ - dpx'^h,) + r^dpx'^ - e''%x 

gu ^ ^ gu gu 

gu gn 

= e'^'^dpx'. (4.7) 



= r^dfsX^G,^ - e^^dpX^^B,, = e^^df,x\ (4.8) 



Ji = Ji- (4.9) 
Let us show that this equality is satisfied for the other currents. One can easily show that 

= (4.10) 

Let us see how jf is related to Jf 

^ = r''^px^^~g^^. - t^^dpx^h^ 

= ^'^^dpx' [Gu + I'Gi^j - - ^^dpx^) Gij (4.11) 

+ e^^d^x' [Bu + I'B,^ - e"'^ {d^x^ - -f^dpx^) B,, (4.12) 
= r^dpx'^G^^ - e'^fdf.x'^B,^ 



J9 



(4.13) 



Simple calculations now lead to = . This proves that 

jT = Jt- (4.14) 
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Although the proof is straightforward, it may have important consequences. For instance, if 
the theory in the initial background is integrable, one can study integrability of the second 
theory by making use of the above relation. We will comment on this issue in the next 
section. 

The equality between the currents in the AdS^ x background and its deformation 
relate the boundary conditions imposed on the fields in the initial and the transformed 
backgrounds. It remains to examine how the boundary conditions for x^^ and in our case 
are related. First we notice that the time component of J^, i.e. is just the momentum 
conjugated to X^. The equality of and means that the two momenta are equal and 
constant (due to the isometry). Therefore this property, observed first in [47], continues to 
hold in the general case of TsT- and multi-shift transformations. To examine the boundary 
conditions we will use the relation 

daX^ = -fafse^^'d^x^'gif, - daX^h,,. (4.15) 

To simplify the calculation we choose the conformal gauge for the 2d metric ^ya/s — 
diag (—1,1) and = 1. Let us compute the boundary conditions for x^. To do this 
we need expressions for the metric components ^^i^ in terms of the original metric G^i^. 
Using the transformation properties we find 

~9ii = (4.16) 

~ _ Bii + 7-' {GijG II — GiiGij + BiiBij) /a-,^\ 

9ii — , l^.i/j 

^11 



and 



where 



^ Gii + 7-^ {BjjGii - GijBij + BuGij) 
Gil 



(7=1 + 2YBii + 7V {GijGu - GiiGij + BuBij) , (4.19) 

(all others are not changed by the shifts and are given in the Appendix). 

Substituting the above expressions for g^i, and b^i, in (4.15) and using the inverse trans- 
formations relating x'^ withX'' , we find 

dix^ = diX^ - 7V°, i = 2, • • • , AT. (4.20) 

The boundary conditions for the other coordinates are easily obtained from 

d^x'^d^x'-Yd^x\ (4.21) 
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Using the relation (3.24) and (4.3) we get 

dix' = diX' + y {doxf'Gif, + dix^Bij) = dix' + f J°. (4.22) 

Therefore, the boundary conditions for the fields in the deformed background are twisted as 
follows 

dix^ = diX^ - 7V°, (4.23) 

dix' = diX' + YJi- (4.24) 

Integrating over a we find 

x^ (27r) - x^ (0) = 2% (ni - fJi) , (4.25) 

x' (27r) - x' (0) = 27r {m + f Ji) , (4.26) 



where 



X" (27r) - X" (0) = 2nn^, (4.27) 



= / ^J'- (4.28) 



and the current 

= / „ 
27r ^ 

In the next section we will apply these results to the AdS5 x background and analyse the 
implications of these transformations to string theory. 

V. (72,73)-DEFORMATION 

A. Supergravity solution 

We start with the part of string action as in [47] with i = 1, 2, 3. 
\/A f , da 



S = 



j {daTidpu + gijdjidp^j) + A (r^ - l)] , (5.1) 



2 

where the metric gij and the anti-symmetric 2-form field bij are 

9^11 = ^2 + rl, g22 = ri + r^, gss = 1, 

2 2 2 2 2 

gi2 = r2, 9i3 = r2-r3, g23 = r2 - r^, 



bij = 0. (5.2) 
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and A is a Lagrangian multiplier which ensures the constraint 



(6.3) 



This action is related to the one used in [44] by the following change of the variables 

V^i = 2 + ^^2 - 2<^3) , 9^2 = 2 (-2<^i + <^2 + <^3) , V^s = 2 + ^52 + ^3) , (5.4) 
which leads to the following relations between the old and new angular momenta 



Ji — J2 — J3, 

J2 = J2 — Ji, 

J3 = Jl + J2 + ^3- 



(5.5) 
(5.6) 
(5.7) 



We next make the T-duality transformation on the circle parametrized by (pi, the action 
becomes 



S = 
where 



/ 



dr 



da 
2^ 



7"^ {daTidpri + gijda(pidf3(Pj) - e'^'^hijda'-Pidjs^pj + A [r] - l) , (5.8) 



9ii 



ri + r 



2' 922 



rjr2 + rjr| + r2r| 



) 933 



912 — 9i3 — U, 5^23 — -^;2~ — 2 ' 



-rg 



^'12 — — ^13 — ; — |) ^23 — 0. 

^2 + ^^3 ^2 + ^3 



r| + r| 



(5.9) 



The T-dual variables Cpi are related to (pi as follows 



5a<^l = Ial3(^'^'^d-i^l9ll - da^ihi: 
<f2 = <f2, <f3 = <^3- 



(5.10) 



Next, we make the following shift of the angle variables (f2 and 0s simultaneously 



<^2 ^ <^2 + 72<,0i, (P3^^3+%^1, 



(5.11) 
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where 72 and 73 are two arbitrary constants. The metric transforms in the following way 
under the above shift 



9ii 

912 
913 

bi2 
bi3 



9ii + 1I922 + 73533 + 272512 + 273513 + 27273523, 

512 + 72522 + 73523, 

513 + 72523 + 73533, 
^'12 - 73^*23, 

&13 + 72^23, 



(5.12) 



and the variables (pi transforms into 



da^i = lap^^'^dyipigu - daifibu - %da(pibi2 - %da<flbi3, 

<f2 = <f2, <f3 = <f3- 



(5.13) 



Finally, we make the T-duality transformation on the circle parametrized by (fi again. After 
the TsT transformation, the (72, 73)-deformed background becomes 



where 



■ / b"^ {daUdf^u + Gijd^^idpifi) - e^^ B.^d^ipid^ipi + A (r^ - l)] , (5.14) 



where 



G22 
G33 
G23 
B12 

B23 



Ggii, 

G{g22 + 9llrlry,), 
G{gss + 9f,rlrlrl), 

G (^23 - 97273'^?^2^3) ' 

[ ^ / 2 2 , 22, 2 2\|-/o 22 22 2 2M 



G 



72 



(2r2V3^ - rlrl - rlrl) + 73 (ri + rf - {rj - rj)')' , 



-G [72 (2rir2 - rfrl - rlrl) + 73 (513523 - 512)] , 



(5.15) 



(7-^ = 1 + 72' {rlrl + rlrl + rlrl) + 7I [r^ + r| - {rl - r|)'] + 27273 {2rlrl - rlrl - rlrl) , 

(5.16) 

and we have used the constraint (5.3). 
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The variables (pi are related to the T-dual variables </7i as follows 



(5.17) 



The equations (5.10), (5.13) and (5.17) allow us to determine the following relations between 
the angle variables (fi and the TsT-transformed variables (pf. 



guGu + 72^12 + 73^13 Bu - hi 



J2^12 + 73^13) Gxi + 

<9a<^2 = <9a9^2 - l2Biidaipi + yiGvru.B^'^^ d^ipi, 
which gives the boundary conditions 

= + 72^ + 73^3°, 

V^2 = V^2 - 72^1, 
^'3 = ^3- %Jl, 



(5.18) 
(5.19) 
(5.20) 



(5.21) 



which are consistent with the boundary conditions (4.23) and (4.24). It is easy to see that 
when 73 = 0, the above background reduces to the Lunin-Maldacena background [44, 47]. 
We can check that the Virasoro constraint 

(5.22) 



is satisfied as expected. 



B. The dual field theory 

According to the AdS/CFT duality, string theory in the background (5.15) is dual a 
field theory on the boundary of the AdS space. This field theory is a deformed theory from 
A/'=4 SYM theory by the deformation (72, 73), so we will call it (72, 73)-deformed A/'=4 SYM 
theory. Now the question is: what is this dual field theory? To answer this question, let us 
look at the symmetries of the deformed background (5.15). 

We try first to find how many supersymmetries are preserved in the dual field theory. To 
derive the background (5.15), we wrote the part of AdS x as (5.1). The metric has 
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manifestly a U (1) x U (1) x U (1) isometry, of which a C/ (1) x [/ (1) preserve the KiUing 
spinors. In the case of Lunin-Maldacena background, a very special torus was chosen to 
compactify the lOd string theory. The TsT transformation only breaks the supersymmetry 
corresponding to the Killing spinor associated to U (1) x U (1) so that the deformed back- 
ground preserves 1/4 supersymmetries. The left U (1) remains an R-symmetry in the dual J\f 
— 1 SYM theory. In our case, TssT transformation breaks all U {l)xU (1) x U (1) isometry 
so that no Killing spinor is preserved. Therefore the dual field theory has no supersymmetry! 

Next we try to learn more about the dual field theory from the gravity side. Let us recall 
the relation between the TsT transformation of the supergravity background and the star 
product of the dual field theory in the case of Lunin-Maldacena background [44]. SL (2, R) 
acts on the parameter 

T = + (5.23) 

as 

/Till /.O.N 

T ^ r' = or > — = - 7. (5.24) 

1 -|- 7T T T T 

Schematically, l/r can be written as [54] 

1 / 1 



= Gj.ien + ^'^ (5.25) 



T \g + BJ °P"" 

where G^J^^^ is the open string metric and 9^^ is the noncommutative parameter. Then 
the result of the SL (2, R) transformation (5.24) is just to introduce a noncommutatity 
parameter 6^'^ ~ 7. This analogy can be seen more precisely if we define a 2 x 2 matrix 7 as 



(5.26) 



It is easy to get the matrix 



7= I ° ^1- (5.27) 
7 

Thus the TsT transformation of the supergravity background is equivalent to a shift of the 
noncommutative parameter by 6^^ = —7 in the dual field theory. 

Now let us look at the (72, 73) -deformed background which we found in the previous 
section. We can similarly define a 3 x 3 matrix 7 as in (5.26). Straightforward calculation 
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leads to the following^ 7 



/ _y3\ 



7 



7 



12 



V 



. (5.28) 

7^-- ^ 

Thus in our case the TsT transformation of the supergravity background is equivalent to 
a shift of the noncommutative parameters by 9^^ — —7^^ and 9^^ — —7^^ in the dual field 
theory. Since the modification only affects the directions (0i, 02, ^s), the action of the dual 
field theory will be the same as the one of the N'—A SYM theory except the superpotential 
term, which can be obtained from the undeformed one by replacing the usual product (picpj 
by the associative star product (pi * (pj. Obviously, we will not be able to write down the 
action by using the A/'=l superfields since all supersymmetries are broken in the process. 



as 



C. Semiclassical analysis 

A classical solution of the sigma model associated with the background (5.15) is obtained 



where 



- = «-°M,/i^ . "=5. (5.29) 



^1 = -3, J^3= g- (5.30) 



The angular momenta and the energy corresponding to this state are 



Ji = 0, (5.31) 

J2 = (5.32) 

72 - 473 

Js = -r^^C, (5.33) 

72 - 473 



^ Here we define new symbols (7^^, 7^^) which are related to the symbols we used in the previous section 
as 7^^ = 7^/-R^ and 7^^ = 7^/-R^, where R is the radius of S^. 
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and 

= i/i Ji + 1/2^2 + J^sJs = 3C, (5.34) 

where C (oc N) is a constant. From the relations of angular momenta (5.5-5.7), we can see 
that this solution is associated to the state with 

Ju k, J,) = ( ii^C, . (6.36) 

/ V72 - 473 72 - 473 72 - 473 / 

It is easy to see that the above state reduces to (J, J, J) state when 73 = and to (—J, 0, 0) 
state when 72 = 73 with J = E/3. 

Next, let us consider the fluctuations around the above classical solution (5.29) with large 
't Hooft coupling A = Qyu^ — R^/oi'"^ as 

1 ~ 1 
1 1 1 

= VlT + ^<^1, <^2 = V2T + ^<^2, <^3 = + ^^3, 



, /72 + 273 \ 1 . TT 1 / 72-473 ^ /c; Q«^ 

a^arccos W— ^ + tttj'^' ^ ^ T + TT7I W T77^^ (5.36) 

\V473-72y AV4 4 AV4y 2 (72 - 73) 

where we have defined 

ri = cos a, 

r2 = sin a cos 6*, 

r3 = sin q; sin ^. 

The difference between energy and angular momenta is 

E - (i/i Ji + U2J2 + uzJz) = ^ / (5.37) 



2 Jq 27r 

where the energy and angular momenta are defined as 



E^P,^-^-^, (5.38) 



Ji = P^^ = — , i = 1, 2, 3, (5.39) 
d(fii 



and 7i is the corresponding Hamiltonian. By using the Virasoro constraints 

Taa = G^ndaX'^daX^ = 0, (5.40) 
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and keeping the terms up to quadratic order, the transverse Hamiltonian can be obtained 
as 



n = -djdj + daVu-daViJ. 

+ AG (72 + 273) (72 - 73)' + daadaa + AG (72 + 273) (72 - 73)' 0^ + djdae 
+ 2G (73 - 72) da(filda>f>l 

+ ^2 (37273 + 72 - 9727I + 673 - 87273 + I673) da(p2da02 

(473-72) 

+ ^ . ,2 (972 + 647f + 1872'7| + 127273 - 72 - 2772'7| - 48727I) da'fsda'fis 

(473 - 72) 

+ 2G (73 - 72) da>plda(fi2 

2G 

+ 771 TTI (1572'73 - 18727,3 - 167f + 277^71 - - - 24727I) da02da0^ 

(473-72) 



+ 2G (73 - 72) a/2 (73 - 72) (72 + 273)a {^'2 + 2<^'i) 



+ 2G (73 - 72) (72 + 273) \ ^]T' l'^ ~e {^'2 - m ■ (5.41) 

y 473 - 72 

where we have made a change of coordinates (p, O3) — > 77^^, = 1, 2, 3, 4 and 

= 72 - 72 - 37273 + 273' + 473. (5.42) 
We diagonahze the Hamiltonian by making the following coordinates transformations, 

= 01 - ^02, 
<^2 = 02, 

~ ^ 157i73 - I8727I - 167f + 277i7i - 27I - 97^73 - 247^7! 

97I + 6471 + I87I733 + I27I73 - 7i - 277|7i - 487271 '^^ 
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Then, 



+ AG (72 + 273) (72 - 73)' a' + daadaa + AG (72 + 273) (72 - 73)' + daOdae 



+ 2G (73 - 72) 5a01(9a01 

9^^ (73 - 72) (473 - 72) o , , 

^ 97I + 6471 + I87I7I + I27I73 - 7| - 277I7I - 487271 "'^' '^'^^ 
2G 

+ (4^3 + 6471 + I87I7I + 127273 - 72 - 2772^73 - 487273') da^dacPs 

+ AG (72 - 73) (72 - 473) \/2 (72 - 73) (72 + '2%)a(p[ 

- 2G (72 - 73) (72 + 273) ^2 (72 - 73) (72 - 473)^ 

972 (473 - 72) 



+ 40U. (5.43) 



9^5 + 64^3 + 18^2^3 + 127273 - 7I - 277i7i - 48727I 

Since the coefficients are constants, the Hamiltonian can be quantized to get the string 
spectrum as discussed in [53, 55] 



VI. CONCLUSIONS 

fn this paper, we consider a deformation of the AdS^ x background of string theory. 
We propose a simple generalization of the Lunin-Maldacena procedure for obtaining a so 
called beta deformed theory which, from the gauge theory side, corresponds to a deformation 
of Yang-Mills theory studied by Leigh and Strassler. For real deformation parameter /3 = 7, 
the Lunin-Maldacena background can be thought of as a T-duality on one of the angles 0i 
corresponding to one of the three U{1) isometries of AdS:^ x background , a shift on another 
isometry variable, followed by T-duality again of 0i. It was proved in the original paper by 
Lunin and Maldacena that this procedure does not produce additional singularities except 
for only those in the original background. Our generalization consists in additional shifts on 
the other U{1) variables in the intermediate step. In this way one can obtain a new deformed 
background which depends on more parameters 71 • • • 7n- Since this procedure consists only 
in additional shifts, the resulting background again contains only the singularities descended 
from the original one. 

In Section II, we reviewed the Lunin-Maldacena background and the TsT-transformation 
procedure. In the next Section we have proved that the currents for any two backgrounds 
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related by TsT-transformations are equal (which was conjectured in [47]). 

In the next Section, we consider Ts...sT-transformations. We find that due to these 
transformations the boundary conditions for the U{1) variables are twisted. We prove also 

that the U{1) currents in any two backgrounds related by Ts...sT-transformations are equal. 
This property is important since, as it is discussed in [47], it means that the theory preserves 
the nice property of integrability. The integrability can be proved along the lines of the paper 
by Prolov [47]. 

In Section V, we apply the TssT-transformation to AdS^ x background. The obtained 
background is new and the string theory on it is integrable. We argue that the supersymme- 
try is broken and the background is less super symmetric than that of Lunin and Maldacena. 

After short comments on the gauge theory side, we perform a semiclassical analysis of 
string theory in 72 — 73 deformed AdS^ x background. We study the theory in the 
BMN limit and obtain the corresponding conserved quantities important for AdS/CFT 
correspondence. It is important to note that for 73 = the background and therefore 
string theory, reduce to that studied by Lunin and Maldacena. In the Appendix we give for 
completeness a detailed derivation of the T-duality transformations. 

There are several ways to develop the results obtained in this paper. First of all one 
can study multi spin solutions in our background along the lines of [48]. To clarify the 
AdS/CFT correspondence one must consider the gauge theory side in more detail. It would 
be interesting to see what kind of spin chain should describe the string and gauge theory in 
this case. One can use then the powerful Bethe ansatz technique to study the correspondence 
on both sides. We leave these questions for further study. 
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In this Appendix we give detailed derivation of the T-duahty transformation. 
We start with the general string theory action: 

5 = 1 dr^ [r^d^X^dpX^'GMN (X^) - e'^^d^X^dpX^'BMN {X^)] , (A.l) 

where: a) M,N = 1, ■ ■ ■ ,d — 1, i = 2, ■ ■ ■ ,d — 1 and b) the background fields Gmn and 
Bmn do not depend on X^. 

The equation of motion for X^ tells us that there exists conserved current J": 

dC 



d^r = ^ J" = 



27r d{d^X^y 



Let us define as: 



„a ..at 



The action (5.3) can be rewritten in terms of as follows: 



(A.2) 



(A.3) 



S = -Va / dT 



da 
2^ 



r^d^X^dpX^G^, + r^d^X^dpX'Gu - e^^d^X^dpX^'B^N 



+- {^''^do.X^dpX^G,^ - e'^^daX'dpX^Bij) 



1 



d^X' {r^dpX'^G,^ - e'^PdpX^'B^^) - -rf'd^X^X'Gn 



+- {r^d^X'dpX^Gij - e-^do,X%X^Bij) 

= -VXy dr^ p'^daX^ - ^r^daX%X'Gu + I {r^daX%X^Gij - e^^d^X'dpX^ B^^) 

(A.4) 

Let us consider the second term in the above expression 



l^'^^d^X^daX^G^^ = d^X^G^^^daX^G^^. 



(A.5) 



In order to perform T-duality, we have to eliminate X^ which enters the action only through 
daX^Gii. From the definition of p": 



we find: 



= 7«%XiGn + -r^'dpX'Gu - e'^^d^X^Bu, 



(A.6) 



(A.7) 
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Substituting for daX^Gn in (A. 5) we find: 



1 7"^ 1 
daX Gu-——dpX Gu 

zLrn 

= ^"""daX^Gu^l^'dpX'Gn 



2G 



11 



(pa _ ^--d^X'Gu + e'^'^d^X^Bu) (/ - ^''''d.X'Gu + e^'dpX'Bu) 

ZLril 



2Gu 



G 



p"{d^X^^-^^f,e^'^d„X 



G 



11 



Gi] 



ai 



+ -'y^^d^X'd^X^ 



BiiBij 



+ -^lapi'^d.xw^x^^^ + '—ia,T''d^x%x^'^^ 

1 (jrii I (jrii 



2^11 



Gil 



jGuGu — BiiBij 



G 



11 



GiiBij — GijBii 



G 



11 



(A.8) 



Substitution of (A.8) into (A. 4) gives: 



S=-^ldT- 

27r 



'^11 tJll 



" ' 2^1 



+ -r'daX%X^ ( Gi, 



1 
2 



GliGij — BiiBi 

Gu 

GimBin — GinBim 



'MN 



G 



11 



(A.9) 



We will use now the conservation of p": 



(A.IO) 



to write down the general solution to (A.IO) as: 



(A.ll) 



where is a scalar field which is the T-dual of X^. 

If we substitute for from (A.ll) in to its definition (A. 3), we find the relation: 



e'^^dpX^ = ^""^d^X^GiM - e'^'^dpX^BiM. 



(A.12) 



Now we can derive the T-dual action by substituting for the expression (A.ll). 
Let us consider the different terms separately. 
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Obviously (ij) components remain the same since — X\ 
a) The first term in (A. 9) becomes 



^11 



- p'^daX' - e'^^daX'df.X'^, (A.13) 

where we substitute p°' in the second term with e'^^dfiX^. 

We need also expression for daX^ in terms of X'^ . From (A. 12) we have: 

e'^^dpX^ = ^'^"dpX^G^^ + ^'^^dpX'Gu - e'^^dpX'Bu, (A.14) 

and therefore: 

do.X' = ^ape'^dpX'^ + j^^e^'^dpX^^ - d^X^^. (A.15) 

(jril (jll (jll 

Substituting (A.15) into (A.13) we get 

p'^d^X' = ^-^d,X%X^^ + ^-^d,X%X''^ - e^-d^X'd^X'^. (A.16) 

Gil (jii ^11 

b) The second term in (A. 9) becomes 

-p^'lape^'d.X'^ = -e-^^^^e^^d^X'^d^X' = ^-^d^X^X'^. (A.17) 

(jrii (jrii Cril 

c) The third term in (A. 9) can be written as 

= -^e'^'^J^e^Pd,X%X = ^^^Pd,X%X^^. (A.18) 

Z Cril 2 (jll 2 (jll 

Summing up all the terms we derived above we find 

l^-^d^X'd^X^^ _ '^cX^X^dfsX^^ + Lr^d^X%X^^. (A.19) 
Z Gil ^ Gil ^ Gil 

All the other terms in the action remain unchanged. The final action has the same form as 

(A.l) but with new background fields 

S = -^J dr^ [r''d.X''d^X''GMN - e'^^d^X'' d^X"" Bmn] , (A.20) 

with the following transformation laws for the background fields 

^ _ GxjGxj - BijBij ~ _ Bii 

GijBij - BijGij ~ Gii (\ o^\ 

-7^ , Bii = — , IA.21) 

Gil Gil 





1 


Gil 


Cii' 


Bij 


= Bij - 
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and the following relations between the variables 



-t'^^dpX 




(A.22) 



or, equivalently 



11 



+ ^^^e'^^d^X^-^ - d^X 



— daX'^ BiM- 




^-ic.peP^d(,X''G^M 



(A.23) 



These completes the derivation of the T-duahty transformations. 
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